Under broad assumptions breaking of Lorentz invariance in gravitational theories leads to tension with unitarity because it allows for processes that apparently violate the second law of thermodynamics. The crucial ingredient of this argument is the existence of black hole solutions with the interior shielded from infinity by a causal horizon. We study how the paradox can be resolved in the healthy extension of Hořava gravity. To this aim we analyze classical solutions describing large black holes in this theory with the emphasis on their causal structure. The notion of causality is subtle in this theory due to the presence of instantaneous interactions. Despite this fact, we find that within exact spherical symmetry a black hole solution contains a space-time region causally disconnected from infinity by a surface of finite area -the 'universal horizon'.
Introduction and summary
There are several reasons for the current interest in gravitational models with broken Lorentz invariance (LI). First, these theories may be relevant in the quest for consistent alternatives to general relativity (GR) that modify the laws of gravity at large distances. (This search is in turn prompted by the attempts to resolve the problems of dark matter and dark energy raised by cosmological data.) Second, the construction of these models provides a necessary framework for testing the nature of LI. These motivations are behind the Einstein-aether model [1, 2] , where Lorentz breaking is realized by a unit time-like vector field, and the ghost condensation model [3] , where LI is broken by a scalar field with time-dependent vacuum expectation value (VEV). More complicated patterns of Lorentz breaking are realized in models of massive gravity [4] , see [5] for a review.
1
More recently, this interest has been spurred by Hořava's proposal [8] to construct a renormalizable model of quantum gravity by giving up LI. The main idea is that in the absence of LI the ultraviolet (UV) behavior of gravitational amplitudes can be substantially improved by the addition of terms with higher spatial derivatives to the action. This can be done while keeping the Lagrangian second order in time derivatives, thus avoiding problems with unstable degrees of freedom appearing in LI higher-derivative gravity [9] . The consistent implementation of this idea involves the notion of anisotropic (Lifshitz) scaling of the theory in the UV and indeed leads to a theory which is renormalizable by power-counting [8] . The renormalizability of the theory in the rigorous sense remains an open problem.
Lorentz violating gravitational models generically contain new degrees of freedom besides the two polarizations of the graviton. These degrees of freedom survive down to the infrared where they can be conveniently described as a new Lorentz violating sector interacting with Einstein's general relativity. In this paper we will mainly focus on Hořava gravity. This model includes one new degree of freedom described by a scalar field ϕ(x) with non-zero time-like gradient [10, 11] ,
Because of the latter property ϕ can be chosen as a time coordinate and thus acquires the physical meaning of universal time; we will refer to it as 'khronon'. The theory contains a 1 An important issue in theories with broken LI is to explain why Lorentz violation does not propagate into the Standard Model sector of particle physics where LI is tested with extreme accuracy. It has been proposed that LI may be protected by supersymmetry [6] . In [7] this protection mechanism has been realized in the context of the supersymmetric extension of the Einstein-aether model. 2 We use the metric signature (+, −, −, −).
mass scale M * assumed to be just a few orders of magnitude below the Planck mass and which suppresses the operators with higher derivatives. These operators are not important for the description of the khronon dynamics and its interaction with gravity at low energy. The low-energy properties are captured by an effective 'khronometric' theory -a scalartensor theory satisfying certain symmetries [11] . It is worth mentioning that, as it is always the case for effective theories, the khronometric model is in a sense more general than Hořava gravity: given the symmetries and field content, it can be derived independently as the theory with the smallest number of derivatives in the action. In this paper we concentrate on the 'healthy' model proposed in [12, 13] which corresponds to the so called 'non-projectable' version of Hořava gravity. In this case the khronometric model possesses a symmetry under reparameterization of the khronon field,
where f is an arbitrary monotonic function. Due to this symmetry the model differs essentially from ghost condensation, despite the fact that both are scalar-tensor theories with Lorentz violation 3 . Instead, the model turns out to have a lot of similarities with the Einstein-aether theory [11, 14] , without, however, being completely equivalent to it. Indeed, in addition to the scalar mode the aether contains two more propagating degrees of freedom corresponding to the transverse polarization of a vector field. On the other hand, the khronometric model includes instantaneous interactions [11] that are absent in the case of Einstein-aether 4 . The phenomenological consequences of the khronometric model have been analyzed in [11, 15] , where it was shown that for appropriate choice of parameters it satisfies the existing experimental constraints 5 . In [16] it was shown that extending the model by an additional scalar field with exact shift symmetry allows to naturally account for the cosmological dark energy. In this paper we study black hole (BH) solutions of the khronometric theory. These provide large distance (with respect to the scale M existence of a horizon for light rays, which prevents the propagation of signals from its interior to the exterior. In this way, the horizon shields the central singularity 6 of the BH from the exterior. However, in the presence of Lorentz violation the theory may contain excitations whose propagation velocity exceeds that of light and which thus can escape from inside GR horizons [17] . Moreover, in Hořava gravity the dispersion relations of the propagating degrees of freedom in the locally flat coordinate system have the form [8]
where E and p are the energy of the particle and its spatial momentum, and c n , a n , b n are coefficients of order one depending on the particle species n. Stability at high momenta requires the coefficient b n to be positive. This implies that both phase and group velocities of particles indefinitely grow with energy and one might think that these modes can come from the immediate vicinity of the central singularity. Finally, as we discuss in Sec. 2, even within the low-energy description in terms of the khronometric model the theory contains a certain type of instantaneous interactions, which again might probe the BH interior down to the center. This suggests that Hořava gravity does not allow for BHs in the strict sense, characterized by the existence of regions causally disconnected from the asymptotic infinity. The purpose of this article is to clarify if this expectation is true. In our study we will be guided by the puzzles of BH thermodynamics arising in theories with Lorentz violation. As pointed out in [18, 19] for the examples of ghost condensation and Einstein-aether theories, one can construct gedanken experiments involving BHs that violate the second law of thermodynamics (see, however, [20] for a different point of view). Specifically, it is possible to set up processes that would decrease the entropy in the region outside the BH without any apparent change of the state of the BH itself. The second law of thermodynamics is intimately related to the unitarity of the underlying microscopic theory, see e.g. [21] . Thus its violation would constitute a serious problem, especially for a theory that, like Hořava gravity, aims at providing the microscopic description of quantum gravity. One can consider the following scenarios to recover the second law of thermodynamics:
(i) The missing entropy is accumulated somewhere inside the BH. The first guess for the precise location of the entropy storage region is close to the central singularity. In 6 It should be stressed that by singularity we always understand singularity from the point of view of the low-energy theory. In the full theory of quantum gravity the singularity is expected to be resolved by the effects that become important at high curvature (such as stringy effects in string theory or higher-derivative terms in Hořava gravity).
fact, this singularity is expected to be smeared off in the full theory at distances set by the microscopic scale and the entropy, in principle, can be stored in some high frequency modes localized in this smeared region. For this mechanism to work, an outside observer must be able to probe this region in order to make sure that the total entropy of the system does not decrease. This option seems plausible, given that Hořava gravity contains arbitrarily fast modes including an instantaneous mode that persists at low energies. However, one must check that these modes can indeed escape form the center of the BH. In other words, one has to work out the causal structure of BHs in this theory.
(ii) Another possible scenario to restore the thermodynamics assumes that BHs are not uniquely characterized by their mass, but instead can come out in many different configurations [24] . In other words, it supposes that BHs have a large number of static long-range hair. This hair would grow during the processes suggested in [18, 19] and after measuring them an outer observer could decode the entropy fallen down into the BH. Notice that the difference with respect to the previous point is that the hair has a tail that can be measured outside the horizon. It has been demonstrated for several Lorentz violating theories including the Einstein-aether [22] , ghost condensate [23] and massive gravity [24] that spherically symmetric solutions with given mass are unique.
As we are going to see, this is also the case for the khronometric model. This implies that the hair necessarily must be non-spherical.
One of the purposes of this paper is to clarify which of these scenarios, if any, is realized in the healthy Hořava gravity. For this purpose, we first find spherical BH solutions in the khronometric model and analyze their causal structure. To simplify the analysis we will neglect the back-reaction of the khronon field on the metric. This approximation, valid when the dimensionless parameters of the khronon action are small, reduces the problem of finding the BH solution of the khronometric model to that of embedding the khronon field into a given metric background 7 . We show in passing that these solutions also describe spherical BHs in the Einstein-aether theory. Next we consider perturbations on top of these solutions. We demonstrate that no static long-range hair exists thus rejecting option (ii). On the other hand, option (i) is likely to work, though in a quite non-trivial manner. Within spherical symmetry we find that, despite the presence of arbitrarily fast, viz. instantaneous, interactions, the center of the BH is shielded by a causal horizon. This 'universal horizon' lies inside the Schwarzschild radius and its size linearly depends on the BH mass. All fields of the spherically symmetric solution are regular (analytic) at this horizon. However, in the spectrum of non-spherical time-dependent perturbations one finds certain modes with non-analytic structure at the universal horizon. These modes precisely correspond to the instantaneous interactions of the khronometric theory. Though at the linear order the universal horizon turns out to be stable under perturbations, we argue that the above non-analyticities will destabilize it at non-linear level, turning it into a finite-area singularity. One hopes that in the full Hořava gravity this singularity is resolved into a high-curvature region of finite width accessible to the instantaneous and fast high-energy modes. In this way thermodynamics can be saved. It is worth stressing that the presence of instantaneous interaction is crucial for the type of instability discussed in this paper. Consequently, the universal horizon is expected to be stable in the Einstein-aether theory where all modes propagate with finite velocities. At present we are unable to suggest any resolution of the paradox with BH thermodynamics in this theory.
Despite the vast literature on BHs in Hořava gravity, there has been only a few works dealing with the healthy extension in which we are interested. A class of spherically symmetric solutions of the healthy Hořava gravity was found in [25] . Those solutions differ, however, from the black holes considered in this paper. Ref. [26] has obtained spherically symmetric BHs in the Einstein-aether and khronometric theories by numerically solving the coupled system of equations for the metric and aether (khronon) field 8 . Our approach is different in that we simplify the setup to use analytic techniques whenever possible. This allows us to go beyond the spherical symmetry and study aspherical perturbations around BHs. Where our results overlap with those of [26] , they agree. The paper is organized as follows. In Sec. 2 we introduce the khronometric model and demonstrate that it contains instantaneous interactions. In Sec. 3 we find spherical BHs and show that those are also solutions for Einstein-aether theory. We also analyze their causal structure in this section. We turn to the analysis of the khronon perturbations about the BH in Sec. 4. Section 5 is devoted to discussion. In Appendix A we show that the instantaneous interaction is absent in the Einstein-aether model. Appendix B contains certain analytic results about spherical BHs.
The khronometric model and instantaneous modes
The khronometric action corresponding to the low-energy limit of Hořava gravity has the form [11] ,
Here R is the Ricci scalar and the unit vector u µ is expressed in terms of the khronon field ϕ as,
In Eq. (4) M is a mass parameter related to the Planck mass and α, β, λ are dimensionless constants 9 . The previous action is the most general expression invariant under the transformations (2) and containing only two derivatives of u µ . Note that it formally coincides with the action of the Einstein-aether theory 10 [1, 2] . The difference, however, is that in the case of Einstein-aether the unit vector u µ is treated as a fully dynamical variable, subject only to the constraint of been a unit time-like vector, and thus contains additional transverse degrees of freedom compared to the khronometric model where it is written in terms of the scalar field ϕ. This difference disappears for spherically symmetric solutions, since the aether vector is always hypersurface-orthogonal in that case [22] and thus can be expressed in the form (5) . We assume that the parameters α, β, λ are small,
On one hand, this choice is motivated by the phenomenological bounds on the model [11, 15] . At the same time it drastically simplifies the rest of the analysis allowing to neglect the back-reaction of the khronon field on the metric. In fact, it is clear from (4) that the energymomentum tensor of the khronon field is proportional to the parameters α, β, λ . Thus its contribution into the Einstein equations is negligible when these parameters satisfy (6) . This implies that the problem of finding a solution of the theory is reduced to solving the khronon equation of motion in an external (background) metric. 9 The parameter λ in (4) corresponds to λ in the notations of [11] . 10 To be precise, the action of the Einstein-aether model contains an additional term proportional to
In the case of hypersurface-orthogonal aether (5) this term is equal to a combination of the terms already present in the action (4).
A crucial property of the theory at hand is the presence of an instantaneous interaction [11] . To understand its origin one can consider the propagation of small khronon perturbations in Minkowski space-time. It is straightforward to see that the Ansatz ϕ = t for the khronon background satisfies the equations of motion in this space-time. For the perturbations, we define a field χ on top of this background,
for which one obtains the following quadratic action:
Note that this action is fourth order in derivatives. However, the additional derivatives are purely space-like and the action describes a single wave mode with velocity
As shown in [11] , this remains true also for curved backgrounds: the equation of motion for khronon perturbations always remain second order in time derivatives if the time coordinate is chosen to coincide with the background khronon field. Still the presence of extra spatial derivatives implies instantaneous propagation of signals. To see this, let us couple the khronon field to a source. The simplest source term that preserves the symmetries of the khronon field has the form
where S µ is the source vector. To linear order around the flat background this reads
which leads to the khronon exchange amplitude
where
where θ is the step function and δ the Dirac delta-function. A straightforward calculation yields the retarded propagator:
Clearly, due to the second term the retarded Green's function does not vanish outside the khronon 'sound cone' 11 c χ t = |x|. Moreover, the field extends to arbitrary spatial distance from the source immediately after the source is switched on, meaning that the signal propagates instantaneously. Note, however, that the instantaneous part of the signal builds up gradually starting from zero at t = 0 and the maximum amplitude that is reached by the time t = |x|/c χ decreases with the distance as 1/|x| 2 . This is similar to the situation in Lorentz violating massive electrodynamics [28, 29] and massive gravity [24, 30] . It is worth stressing that due to the existence of a preferred frame the instantaneous propagation of signals does not lead to any inconsistencies. Note that the instantaneous piece in (14) is traceless and transverse,
The latter property implies that the instantaneous contribution will vanish if the source S µ (x) is a gradient of a localized scalar configuration. We also point out that, despite the similarity between the khronometric and Einstein-aether theories, the latter does not contain any instantaneous interactions. As shown in the Appendix A, the instantaneous piece in (14) is canceled by the contributions of the transverse modes.
3 Spherical black holes
Preliminaries
According to the discussion of the previous section, our method to find BH solutions will consist in embedding the khronon field in an external BH metric. The latter satisfies the gravitational equations of motion in the vacuum. In the spherically symmetric case we will start with the standard Schwarzschild metric in the Schwarzschild coordinates,
11 Curiously, the Green's function does vanish inside the 'sound cone', as in the case of the ordinary massless field in four dimensions.
is the area element of the 2-sphere and r s is the Schwarzschild radius. Using the Finkelstein coordinate
the previous metric can be cast into the form regular at the Schwarzschild horizon,
To simplify the khronon action, one observes that the curl of a hypersurface-orthogonal vector (5) identically vanishes,
This implies
Furthermore,
where R µν is the background Ricci tensor. Combining (20) and (22) we obtain that in the Schwarzschild geometry the khronon action can be written in the equivalent form
where we have used that the Ricci tensor for the Schwarzschild metric vanishes. The khronon equation of motion, following from the variation of (23) with respect to ϕ, has the form of a current conservation,
with
Here X = ∂ µ ϕ∇ µ ϕ and
is the projector on the hypersurface orthogonal to u µ ; this implies
We are interested in static, spherically symmetric, asymptotically flat solutions of (24) . In the present context these notions require some clarification. The condition of staticity does not mean that the khronon field is independent of time (indeed, we saw that in the case of the Minkowski background ϕ grows linearly with time). Rather it implies that all quantities invariant under the symmetry (2) must be constant in time. In particular, this applies to the components of the vector u µ . Combined with the requirement of spherical symmetry, this implies that the only non-vanishing components of the vector are u t , u r and that they depend only on the radial coordinate r. Note that we have chosen the position of the index 't' -down and 'r' -up so that the corresponding components of the vector coincide in the Schwarzschild and Finkelstein frames:
For the khronon field itself, staticity and spherical symmetry imply that, up to a reparameterization of the form (2), it can be cast into the form
where f (r) is a function of the radius. Concerning the condition of the asymptotic flatness, we will impose, in addition to the flatness of the metric at r → ∞, the requirement that the khronon field tends to the same form as in Minkowski space-time, ϕ = t. This implies the boundary conditions at infinity:
We now prove that asymptotically flat static spherically symmetric solutions of (24) satisfy the stronger equation
Taking the first integral of Eq. (24) we obtain
where C 1 is an integration constant. On the other hand, the explicit expression for J r in terms of u µ reads,
where the components of the vector satisfy the unit norm constraint
After substituting (31) into (32) and expanding the r.h.s. of (32) at large r, the solution of the resulting linear differential equation reads
where C 2 , C 3 are integration constants. We see that the only solution compatible with the boundary conditions (29) is obtained for the choice
Finally, from (27) one finds that J t is also zero 12 .
We point out that Eq. (30) is the same as the equation of motion for the Einstein-aether model. Indeed, the latter is obtained by the variation of the action (23) with respect to the vector u µ imposing that the variations of the vector components preserve the constraint u µ u µ = 1. This leads to the appearance of the projector P µ ν in the expression (25) for J µ . Together with the fact that spherically symmetric solutions are always hypersurfaceorthogonal [14] this proves that static spherically symmetric asymptotically flat solutions in the khronometric and Einstein-aether theories are equivalent.
Solutions
Our strategy to find the khronon configuration corresponding to a BH will be as follows. We solve the equation J r = 0 for the vector u µ , and afterwards reconstruct the corresponding khronon field. Introducing the notations
12 Another derivation of the equivalence between (24) and (30) in the spherically symmetric case, which is also applicable for non-static configuration, is presented in [11] . However, it is based on the assumption that all leaves of the constant khronon field that foliate the space-time are regular and simply connected. This a priori assumption appears too restrictive in the case of BHs.
equations (30) and (33) take the form,
where prime denotes differentiation with respect to ξ. Note that in the new coordinate the position of the Schwarzschild horizon is ξ = 1, the region ξ < 1 lies outside this horizon, while ξ > 1 corresponds to the black hole interior. Expressing V from 13 (36b)
we obtain a single equation for the U component:
One observes that the denominator in the second term vanishes at the point ξ c where
This is nothing but the equation determining the position of the sound horizon for the propagating khronon mode. Indeed, we saw in Sec. 2 that in Minkowski space-time with the vector u µ aligned along the time direction the wave component of the khronon propagates along the rays |x| = c χ t. Denoting the tangent vectors to these rays by n µ we find that they satisfy
This equation has covariant form and straightforwardly generalizes to curved backgrounds with generic vector u µ where it describes the sound cone for the khronon waves. The defining property of the sound horizon is that inside it all future-directed khronon rays point towards the center, n r < 0 for any n µ satisfying (40) and n v > 0, while outside of it the sign of n r can be positive. This implies that at the sound horizon the sound cone contains the vector n µ = (1, 0, 0, 0). Substituting this into (40) and using the metric (18) we obtain (39).
Clearly, for the subluminal khronon, c χ < 1, the sound horizon lies outside the Schwarzschild 13 The choice of the minus sign in front of the square root corresponds to the configuration where the foliation is 'infalling', which is what one expects for the black hole configuration. The plus sign would be relevant for the white hole case.
horizon, ξ c < 1, while for the superluminal case c χ > 1, the situation is opposite, ξ c > 1; for c χ = 1 both horizons coincide. We are interested in khronon embeddings with a regular future sound horizon 14 that are expected to appear as the result of a gravitational collapse. The regularity of the solution at the sound horizon implies that the term within the square brackets in (38) must vanish at ξ c . This imposes a relation between the first derivative U and the function U itself at this point, providing an additional boundary condition. Using (39) to simplify the formulas we obtain,
where we have chosen the branch of the square root that gives a regular result at c χ = 1. We solved Eq. (38) numerically imposing the boundary conditions (39), (41) and
This was done using a shooting procedure where the shooting parameter is taken to be the value of the field at the sound horizon, U (ξ c ). This determines the positions ξ c of the sound horizon and the first derivative of the field there through (39), (41) . Given U (ξ c ) and U (ξ c ) we integrate Eq. (38) from 15 ξ c towards ξ = 0 to find U (0). Iterating this procedure we find the value U (ξ c ) that allows to satisfy (42) . Finally, we extend the solution inside the sound horizon by solving Eq. (38) from ξ c to ξ → ∞. In this way we obtain a unique solution for every value of c χ . The resulting profiles U (ξ) are plotted in Fig. 1 for several values of the khronon sound speed c χ . A few characteristics of the solutions are listed in Table 1 . An important property, that is immediately clear from Fig. 1 , is the existence of roots of the function U (ξ) (i.e. points where U (ξ) crosses zero). In Appendix B the existence of at least one root is proven analytically for any value of c χ . Moreover, the numerical analysis indicates that the number of roots is actually infinite with the function U (ξ) exhibiting an oscillatory behavior around the zero axis. (The beginning of the oscillations is clearly visible in Fig. 1 for the curve 14 Let us mention that in the superluminal case c χ > 1 one can also find solutions that are regular everywhere except at r = 0 (ξ = ∞) and do not possess the sound horizon at all. However, the numerical study of spherically symmetric collapse in the Einstein-aether model indicates that it always leads to the formation of a sound horizon [27] . Given the equivalence of the two theories in the spherically symmetric setting, one expects this to hold in the khronometric model as well. 15 In the numerical implementation of the algorithm one has to set the initial data slightly away from ξ c to avoid computational instabilities. figure. ) This is in agreement with the findings of [26] .
Let us denote the smallest root of U (ξ) by ξ . Its values for the numerical solutions at different c χ are listed in Table. 1. One observes that it mildly depends on the sound speed and satisfies ξ > 1, ξ > ξ c . One can show that ξ varies from 2 for c χ → 0 to 4/3 when c χ → ∞, see Appendix B. In the three-dimensional space the point ξ corresponds to a two-sphere lying inside the Schwarzschild and sound horizons. We are going to see that this sphere plays a special role in the causal structure of the khronometric BHs.
The last quantity presented in Table 1 is the derivative of the function U at ξ , U ≡ U (ξ ). These numerical data will be used below.
The universal horizon
Let us now study the khronon configuration corresponding to the BH solution. Taking the Ansatz and recalling the definitions (5), (35) we obtain the equation
where, to avoid proliferation of multiplicative factors r s , we have set r s = 1; this convention will be adopted from now on. It is straightforward to obtain the solution in the vicinity of ξ = ξ . Expanding the r.h.s. of (44) we obtain ,
We observe that the khronon field logarithmically diverges at ξ . This implies that the leaves of constant khronon coming from the spatial infinity accumulate at ξ . None of them penetrate inside the region ξ > ξ . In other words, the leaves foliating the interior of the sphere ξ = ξ are disconnected from the spatial infinity. This fact is illustrated in Fig. 2 where the khronon foliation is superimposed on the part of the BH Penrose diagram covered by the Finkelstein coordinates. The situation is similar to what happens in GR for solutions containing Cauchy horizons. In both cases, the maximally extended solution contains more than one connected (asymptotic) region where boundary conditions should be specified. In the khronometric case, to know the solution at ξ ≥ ξ , one needs to specify the boundary conditions for the instantaneous mode not only at i 0 , but also at i + (see Fig. 2 ).
On the other hand, the sphere ξ = ξ simultaneously plays the role of the universal causal horizon. Indeed, the khronon field sets the global time in the model at hand. All signals, no matter how fast, can propagate only forward in this global time. In this way the configuration of the khronon determines the causal structure of space-time in Hořava gravity. From Fig. 2 it is clear that within this causal structure the inner region ξ > ξ lies in the future with respect to the outer part of the space-time. Thus no signal can escape from inside the surface ξ = ξ to infinity (null asymptotic region between i + and i 0 ) meaning that this surface is indeed a universal horizon, cf. [26] .
It should be pointed out that within the spherically symmetric approximation that we have adopted so far the universal horizon is regular, despite the apparent singularity (45) of the khronon. Indeed, we have seen above that the field u µ , which is the proper invariant observable of the theory, is smooth at ξ = ξ . This implies that the singularity (45) can be removed by the symmetry transformation of the form (2). It is easy to see that the transformation ϕ →φ = exp (ξ 2 U ξ − 1) ϕ does the job: the redefined khronon field is analytic at ξ . However, in the next section we will argue that the universal horizon exhibits non-linear instability against aspherical perturbations of the khronon field, which turn it into a physical singularity.
Beyond spherical symmetry: perturbations 4.1 Generalities
The existence of the universal horizon seems to exclude the option (i) for the resolution of the thermodynamical paradoxes mentioned in the Introduction. However, this conclusion is premature: one has to analyze the stability of the causal structure depicted in Fig. 2 before making a definite statement. To this end we now study linear perturbations of the khronon on top of the BH solutions found in the last section. This will also allow us to explore the option (ii), namely possible existence of hair. As the background solution is not known in analytic form, we will characterize it by functions U (ξ), V (ξ) as defined in (35) and obeying Eqs. (36) . The analysis of the khronon perturbations must be performed in the preferred frame related to the background khronon foliation. In this frame the equations for the perturbations are second order in time, despite the presence of higher spatial derivatives [10, 11, 14] . Thus we introduce a new time coordinate τ that coincides with the background khronon,
where ϕ 1 obeys Eq. (44). In the new coordinates the metric takes the form,
Note that this metric is singular at ξ = ξ and thus only covers the region outside the universal horizon. This is sufficient for our purposes as we restrict to perturbations localized in this region. The complete khronon field is written as
where χ is a small perturbation. Due to the spherical symmetry of the problem, different spherical harmonics of χ decouple from each other at the linear level, which allows to consider the equations separately for each multipole component χ l . The latter obeys the relation
where ∆ S 2 is the Laplacian on the unit 2-sphere and L 2 ≡ l(l + 1). To simplify notations we will omit the multipole label l on χ in what follows. 16 Recall that we work in the units with r s = 1.
Instead of directly linearizing the equations of motion, we find it convenient to consider the quadratic action for the perturbations. Substituting (47), (48) into (23) after a straightforward (though somewhat lengthy) calculation one obtains,
The coefficient functions A, B l , C l are expressed in terms of U , V and their derivatives:
Note that the coefficient A does not depend on the multipole number l. In deriving (50) and (51) we made use of the background equations of motion and integrated by parts to minimize the number of different χ-structures appearing in the action. Note that the action (50) contains only two time-derivatives, as expected. Before analyzing the equation of motion following from (50) let us discuss the boundary conditions that must be imposed on the solutions. First, the field χ must vanish at the spatial infinity, i.e. at ξ → 0. Second, χ must be regular at the sound horizon ξ = ξ c . Note that the latter corresponds to a zero of the coefficient A(ξ). Determining the correct boundary conditions at the universal horizon is slightly more complicated due to the singularity of the metric (47) at ξ . To bypass this obstacle consider the linear perturbations of the vector u µ :
Here the positions of the upper and lower indices are chosen in such a way that the presented components are invariant under the coordinate change (46). Thus they also define the vector u µ in the Finkelstein frame. We will require that the perturbations u (1) µ in the latter frame are bounded at the universal horizon. This is compatible with the assumption that the black hole represents the end point of the gravitational collapse of a smooth initial configuration. From (52) we see that this requirement is equivalent to the condition that χ diverges at ξ not faster than |ξ − ξ | −1 . We will see that imposing this condition is enough for our purposes.
As a final remark we note that the expressions (51) considerably simplify in the case c χ = 1,
where we have used the background equations (36) to simplify the final expressions.
Static perturbations: absence of hair
Now we can prove that the khronometric BHs do not possess long range hair 17 . At linear level such hair would manifest itself in the form of regular static perturbations of the khronon field (cf. [24] ). These obey the equation
Let us count the number of free parameters of the general solution of Eq. (54) and compare it with the number of boundary conditions. Consider the asymptotics of the equation at spatial infinity, ξ → 0. Keeping the leading terms in the functions A, B l , C l , cf. (51), we obtain,
We will look for solutions of the power-law form, χ ∝ ξ δ . Substituting this Ansatz into (55) and solving the resulting algebraic equation for δ one finds four roots:
Note that for l = 0 we recover the asymptotics (34) . For l ≥ 1 the solutions corresponding to δ 2,4 grow at infinity and must be rejected. Thus we are left with a two-parameter family of decaying solutions 18 ,
These are further constrained by the boundary conditions at the universal and sound horizons. Expanding Eq. (54) at ξ we obtain
Substituting the power-law Ansatz
we obtain for the exponent
Recalling that χ must grow not faster than |ξ − ξ | −1 we obtain that the solution corresponding to γ − is excluded. This gives one equation on the two parameters χ 1 , χ 3 . One more equation follows from the requirement of regularity at the sound horizon ξ = ξ c . Thus in total we have two equations for two parameters. Assuming that this system is not degenerate we conclude that the unique solution is χ 1 = χ 3 = 0 implying the absence of hair. The fact that the equations following from the boundary conditions are indeed nondegenerate can be explicitly verified in the case of high multipoles, L
Time-dependent perturbations: non-analyticity at the universal horizon
We now return to the general case of time dependent perturbations. We will concentrate on large multipoles where it is possible to obtain approximate solutions using the WKB method. For clarity we will also restrict to the case c χ = 1; the reader can easily get convinced that this restriction is not essential and that our qualitative results hold for arbitrary c χ . Expanding the equation following from (50) to leading order in L and substituting χ in the form of a periodic function of time,
we obtain,
Upon substitution of the WKB Ansatz (62) this takes the form,
where we have introduced
Remarkably, for any value of Ω two of the solutions of Eq. (73) are
They coincide with the expressions obtained in the static case in the same WKB limit, cf. (64). This implies that the radial dependence of these modes is completely decoupled from their time-dependence, meaning that the field changes simultaneously all over the space. Thus these modes should be identified as mediating the instantaneous khronon interaction. If there are no external sources these modes are put to zero by the boundary conditions at spatial infinity and the universal horizon. We will discuss what happens in the presence of sources in a moment.
Before that let us consider the two remaining roots of Eq. (73),
Recalling that V is negative and V (1) = −U (1) we see that the branch σ 2,+ is regular at the sound horizon ξ = 1, while σ 2,− has a logarithmic singularity. At infinity these modes correspond to the infalling and outgoing waves respectively, and thus the previous singularity just expresses the standard result that no outgoing modes can escape from the sound horizon. Both modes are regular at the universal horizon and cross it in the inward direction. Indeed, in the vicinity of ξ we write,
where in the last equality we have switched to the Finkelstein coordinate v using the relations (46), (45). An implication of the above results is that the black hole is stable at the linear level with respect to the high-multipole perturbations. Indeed, an instability would manifest itself as a localized mode with positive imaginary part of the frequency. However, it is straightforward to check that for Im ω > 0 the solutions χ 2,± blow up either at ξ = 0 or ξ = 1, implying the absence of localized modes. In this respect the situation is similar to the standard case of the Schwarzschild black hole in GR [31, 32, 33] . One might try to extend the stability analysis to arbitrary multipoles including the perturbations with l ∼ 1. As we now discuss, this analysis appears unnecessary since there are strong indications that the universal horizon is anyway destabilized at the non-linear level due to the presence of the instantaneous interaction. To show this, let us look closer at the structure of the instantaneous mode. First, we notice that this mode can be separated from the part of the signal propagating with finite velocity for arbitrary multipoles provided that the frequency is large, ω 1. This is done by taking the limit ω → ∞ in the equation following from (50) (alternatively, one can use Eq. (72)) and extracting the leading contribution. This gives the following equation for the radial dependence of the instantaneous mode:
It is possible to show that this equation is equivalent to
is the spatial Laplacian along the surfaces of constant khronon. Importantly, we again observe that the time dependence of the instantaneous signal completely factorizes from the spatial dependence. The general solution to Eq. (78) reproduces the asymptotics corresponding to δ 2 , δ 3 at ξ → 0 and γ + , γ − at ξ → ξ , see Eqs. (56), (60). At high multipoles it reduces to the WKB solution given by (75). As already noted, without any sources the instantaneous mode vanishes due to the boundary conditions. Let us study now what happens when there is a source for the khronon perturbations outside the black hole. Physically, this can be either an external field interacting with the khronon, or the non-linear perturbations of the khronon left after gravitational collapse. To be concrete, we consider the situation when the source is located at a given distance from the center. Such a source produces instantaneous khronon perturbations that fall off at infinity and at the universal horizon. Due to the factorization property the perturbation in the vicinity of ξ has the form,
where f (τ ) is the temporal profile of the source. The key feature of this expression is that it is non-analytic at ξ = ξ . The singularity cannot be removed by a reparameterization of the khronon. The most straightforward way to see this is to consider the scalar invariants constructed from the vector u µ . Let us take as an example
where u µν is defined in (21) . At large frequencies, but still moderate multipoles, the leading linear contribution to this object is
Though I (1) itself is finite (actually, vanishing) at ξ , its derivatives of high enough order diverge. Indeed, consider the lth derivative of I (1) along the trajectory tangential to the vector u µ . Its leading coordinate dependence in the vicinity of the universal horizon is
It is easy to check using Eq. (60) and the data from the Table 1 that γ + (l) < l. In other words, we obtain that for a given multipole l the lth and higher derivatives of the quantity I (1) diverge. In particular, for the dipole l = 1 the divergence occurs already in the first derivative. It is natural to expect that these divergences will show up at non-linear orders of the perturbative expansion around the black hole background turning the universal horizon into a singular surface. Consider now a realistic dynamical collapse producing a BH. This system will never be perfectly spherical and will leave behind perturbations of the metric and the khronon present in the region outside the horizon and falling down as a certain power of time [32] . These perturbations will source the instantaneous mode which in turn will produce the divergences at the universal horizon. Thus we conclude that a realistic collapse, instead of producing a regular universal horizon, results in the formation of a finite area singularity at ξ = ξ . The Penrose diagram of the resulting configuration is depicted in Fig. 3 . The physical reason behind the instability of the universal horizon can be understood as follows. As already stated, for the instantaneous signal the universal horizon plays the role of a Cauchy horizon. For an observer falling down the BH and crossing the universal horizon the whole history of the universe outside the BH shrinks into a finite time interval. This leads to an infinite blue-shift of signals sent from the outside, these pile up at the universal horizon and turn it into the singularity. The situation is similar to the instability of the inner Cauchy horizon in the case of Reissner-Nordström and Kerr black holes in GR [34, 35] . However, while in GR the signals destroying the Cauchy horizons are the standard waves propagating along light cones, in the khronometric case they must be instantaneous. Thus the presence of instantaneous interactions plays the crucial role in the destabilization of the universal horizon. Consequently, we expect this type of instability to be absent in the case of the Einstein-aether theory where all modes propagate with finite velocities.
The singularity that replaces the universal horizon is naked in the sense that the complete determination of the khronon field requires imposing some boundary conditions on it. However, for those observers outside the black hole that are able to communicate only using finite-velocity signals (like those interacting only with the ordinary matter) the singularity is hidden by the corresponding sound horizons. Thus, despite the presence of the singularity, the evolution of the ordinary fields can still be unambiguously determined to the extent that their interaction with the khronon can be neglected.
Finally, we do not know if the singularity discussed above is associated with a region of high space-time curvature, or if it is just an irregularity of the khronon foliation. One can conjecture that in the full Hořava gravity the singularity is resolved by the higher order terms, allowing for the complete determination of the dynamics. Admittedly, whether this happens or not is an open issue requiring further study.
Discussion
Let us summarize the picture that emerges form our analysis and speculate on its possible implications. It appears that in the healthy Hořava gravity a realistic BH formed as a result of a gravitational collapse has a central region -core -where the preferred foliation and possibly the metric are highly curved. The size of the core is proportional to the Schwarzschild radius with the proportionality coefficient mildly depending on the model parameters. The core appears singular from the point of view of the low-energy khronometric model. Optimistically, one may conjecture that the singularity is resolved once the full structure of the healthy Hořava gravity with the inclusion of higher-derivative terms is taken into account.
The surface of the core can be probed from outside by the high energy modes and by the low-energy instantaneous interactions. In this sense the causal structure of the region outside the core is trivial: the causal horizons appearing for certain modes in the low-energy approximation are absent once the whole spectrum of the theory is considered. Without invoking the full-fledged Hořava gravity it is impossible to tell whether the triviality of the causal structure will persist in the complete solution including the region inside the core. We believe that this is plausible, because the existence of the BH core accessible from the outside would eliminate the threat to BH thermodynamics raised by the violation of Lorentz invariance. Indeed, when considering the gedanken processes of [18, 19] one would also have to take into account the changes in the entropy of the core: in the case of a trivial causal structure these changes are detectable from outside. Though at the moment we cannot estimate the entropy of the core one can speculate that its increase compensates for the decrease of the entropy in the part of the system outside the BH and in this way the second law of thermodynamics is saved.
The existence of the BH core can also have profound consequences on the phenomenon of Hawking radiation. The (in)sensitivity of the latter to trans-Planckian physics is a longstanding issue, see e.g. [36, 37, 38, 39, 40] . Under broad conditions it has been shown that Hawking radiation is determined by the low-energy physics alone, in particular, by the properties of the sound horizons for low-frequency modes [36, 37, 38, 39] . However, a key assumption in these works is that the quantum fields are in the vacuum with respect to the observers freely falling into the BH. This assumption is likely to be violated by the presence of the core just described: on the contrary, it seems more natural to assume that the fields are in the vacuum with respect to the rest frame of the core, which a priori is different from the free-falling one. It would be very interesting to work out what impact this can have on the spectrum of Hawking radiation. An extreme option would be that Hawking radiation gets completely suppressed. Hořava BHs would then behave as stable objects: a kind of 'dark stars' 20 .
The drastic modification of Hawking radiation is also suggested by the following argument. Consider adding to the healthy Hořava gravity a field carrying a global charge.
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Imagine that a macroscopically large BH is formed and is endowed with large global charge. It is well-known that if the BH evaporates in the standard manner, the charge conservation will be grossly violated. The immediate way to see this is to note that the standard Hawking radiation is charge-symmetric and thus particles and anti-particles are radiated in equal amounts leaving zero net charge after the BH evaporation. Even allowing for modifications 20 This option does not exclude existence of a transient period just after the collapse when the BH would radiate nearly Hawking spectrum. 21 We thank Sergei Dubovsky for suggesting to consider this setup.
of the radiation introducing a charge asymmetry will not save the day if the radiation remains (approximately) thermal with the temperature of the order of the standard Hawking temperature T H . Indeed, the BH starts giving away the charge only when T H exceeds m, the mass of the charged particles. Using the standard expression
one estimates the BH mass at this moment
Conservation of energy then implies that the charge that can be given back by the BH is bounded above [41, 42] by
On the other hand, the initial charge of the BH can be as large as
where M 0 is the initial BH mass which, in its turn, can be arbitrarily large. Note that one can further relax the assumption of an approximate thermality of the radiation in the above argument. To show the non-conservation of charge it is sufficient to assume that (a) the BH evaporates and (b) that it cannot emit massive particles during most of its evolution. The charge non-conservation would prevent Hořava gravity from being a weakly coupled model of quantum gravity. Indeed, consider for concreteness the case when the charge is carried by a scalar field with a global U (1) symmetry. This symmetry is preserved at the perturbative level. Thus any violation of the charge conservation can stem only from nonperturbative gravitational effects. But in a weakly coupled theory, these are expected to be exponentially suppressed [43] meaning that the charge must be conserved, at least with exponential accuracy.
The only way to reconcile BH physics with the charge conservation, and thus save Hořava gravity as a candidate to a consistent quantum theory, is to admit that either even large BHs can emit massive charged particles, or that BHs do not evaporate at all. Clearly, both options would present qualitative departures from the standard picture of Hawking evaporation. 
A Absence of instantaneous propagation in Einsteinaether theory
We have seen in Sec. 2 that the khronometric model exhibits instantaneous interactions. From the mathematical perspective this is due to the fact that the equation describing the khronon is of fourth order because of two extra space-like derivatives. On the other hand, the Einstein-aether theory is described by second-order hyperbolic equations and one does not expect any instantaneous propagation in this case. This seems puzzling as khronon can be viewed as just the restriction of the aether to its longitudinal part. However, this is precisely the restriction that leads to instantaneous signals: in this Appendix we show that in the full aether theory the instantaneous piece is canceled by the transverse modes.
The aether Lagrangian has the form
This differs from the khronon Lagrangian (4) by the presence of the term with the coefficient α . The vector u µ is subject to the unit-norm constraint
We are interested in the dynamics of perturbations in flat space-time around the background aether configurationū
Due to the constraint (84) only space-like components of the aether are excited at the linear level. One separates the perturbations into the longitudinal and transverse parts,
The longitudinal part is described by the quadratic khronon Lagrangian (8) , where one should make the substitution:
β + λ → β + λ + α .
The Lagrangian for the transverse component is
We now introduce coupling of the aether field to the source (10) . The contribution of the longitudinal component to the exchange amplitude is given by Eqs. (12), (14) (again with the substitution (87)), and thus contains an instantaneous piece. However, a similar instantaneous contribution, but with the opposite sign, is present in the amplitude describing the exchange of the transverse mode:
where c ⊥ = α α+α is the velocity of the transverse mode. The last term in (89) cancels with that in (14) outside the wider sound cone, |x| = max (c ⊥ , c χ ) t .
B Spherical solutions: analytic results
In this appendix we present a few analytic results about the solutions of Eq. (38) (or equivalently, the system (36)) with the boundary condition (42) at ξ = 0.
We begin by proving that if there is a point ξ c where (39) is satisfied, the solution will inevitably cross zero. In other words, all solutions having a sound horizon also possess a universal horizon. Let us assume the opposite. From (41) we observe that the derivative of U (ξ) at the sound horizon is negative,
If U (ξ) stays positive at ξ > ξ c at least one of the following conditions must be satisfied:
(i) there is a point ξ 1 > ξ c where U first changes sign, i.e. U (ξ 1 ) = 0, U (ξ 1 ) > 0,
(ii) U (ξ) tends to a non-negative constant with U (ξ) asymptotically approaching zero from below; this option implies that U is positive at ξ → ∞.
We proceed to show that none of these two option can be realized. Consider the superluminal case c χ ≥ 1. Then it is easy to see that the combination
is positive at ξ c < ξ < ξ 1 . Indeed, this combination vanishes at the sound horizon, while its derivative
is positive in the above interval. According to the previous reasoning the factor in front of the square brackets in Eq. (38) is positive at the point ξ 1 , and it is straightforward to see that the quantity in the square brackets is positive as well (recall that U (ξ 1 ) = 0). This implies that U (ξ 1 ) is negative and we arrive at a contradiction.
To exclude the option (ii) consider Eq. (38) at large ξ. For U to be positive, the combination in the square brackets must be negative. This is possible only if (U ) 2 > C 2 /ξ , where C is some constant. This implies U < −C/ √ ξ and thus U cannot asymptote to a non-negative constant.
It remains to prove the statement in the subluminal case c χ < 1. The option (ii) is excluded by the same reasoning as above because the combination F (ξ) is positive at ξ → ∞. However, the option (i) is trickier as it is not possible to argue that F (ξ) is positive in the interval ξ c < ξ < 1. Thus there may exist a turning point ξ 1 in this interval. To rule out this possibility we exploit the continuity of the solution in the parameter c χ . If the universal horizon disappears for some values of c χ , there must be a critical value c (1) χ such that ξ 1 exists for c χ < c Then from Eq. (38) we obtain U (ξ 1 ) = 0. But this, combined with the requirement ξ 1 ≤ 1, implies that the V -component of the vector, Eq. (37), is undefined in the vicinity of this point. We have again arrived at a contradiction. This completes the proof.
The system (36) admits analytic solution in two limiting cases: c χ = 0 and c χ → ∞. In the first case Eq. (36a) degenerates into U = 0 implying that the solution is a linear function, U = 1 − a ξ .
The constant a is fixed by considering the first approximation in the small velocity c χ 1 and imposing regularity at the sound horizon. In this limit (41) reduces to 2U (ξ c )U (ξ c ) = −1.
Solving for ξ c from (39) in the same limit and substituting in the previous equation one gets a = 1/2. This yields the position of the universal horizon in this case, ξ → 2 at c χ → 0 .
On the opposite extreme c χ → ∞ we can neglect the first term in (36a) and obtain the solution
The solution exists at all ξ only if b ≥ b 0 , where b 0 = √ 27 16 . In the limit c χ → ∞ the condition (39) for the position of the sound horizon becomes U (ξ c ) = 0 .
For b > b 0 the functions U (ξ) corresponding to (91) are strictly positive and thus the solutions do not possess a sound horizon. We believe that these solutions are unphysical and cannot be formed in the gravitational collapse. The physical solution that has a sound horizon corresponds to 22 b = b 0 . The sound horizon in this case is located at ξ c = 4/3 and coincides with the universal horizon.
